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Abstrat
Starting with the generalized eld equation of dyons and gravito-dyons, we study the theory
of otonion variables to the SU (2) non-Abelian gauge formalism. We demonstrate the resem-
blane of otonion ovariant derivative with the gauge ovariant derivative of generalized elds
of dyons.Expressing the generalized four-potential, urrent and elds of gravito-dyons in terms
of split otonion variables, the U (1) abelian and SU (2) non-Abelian gauge struture of dyons
and gravito-dyons are desribed. It is emphasized that in general the generalized four-urrent
is not onserved but only the Noetherian four-urrent is onsidered to be onserved one. The
present formalism yields the theory of eletri (gravitational) harge (mass) in the absene of
magneti(Heavisidean) harge (mass) on dyons (gravito-dyons) or vie versa.
1 Introdution
Aording to the elebrated Hurwitz theorem[1℄ there exists four-division algebra's onsisting of
R(real numbers), C (omplex numbers), Q (quaternion) and O (otonions). All four algebra's are
alternative with totally anti symmetri assoiators. In 1961 Pais [2℄pointed out a striking similarity
between the algebra of interations and split otonion algebra. Some work [3℄ is reported to relate
otonions for extending (3+1) dimensions of spae-time to eight-dimensional theories. On the other
hand some authors [4, 5, 6, 7, 8, 9, 10℄have disussed the possibility of otonion Dira equation,
wave equation and to the extension of otonion non-assoiative-algebra to super symmetry and
super string. In our previous papers[11, 12℄ we have reformulated eletrodynamis in terms of split
otonion and its Zorn's vetor matrix realization along with the orresponding eld equations and
equation of motion of dyons and gravito-dyons are derived in unique and onsistent manner.
In order to understand the theoretial existene of monopoles (dyons)[13, 14, 15, 16℄ and keep-
ing in view their reent potential importane with the fat that formalism neessary to desribe
them has been lumsy and not manifestly ovariant, we[17, 18℄ have developed the quaternioni
and otonioni form of generalized elds of dyons in unique, simple, ompat and onsistent man-
ner. Postulation of Heavisidian monopole [19, 20℄immediately follows the strutural symmetry
[21, 22℄between generalized gravito-Heavisidean and generalized eletromagneti elds of dyons. In
the present paper we reformulate the theories of dyons and gravito-dyons in terms of otonion
gauge formalism. Otonion gauge formalism desribes the U (1) abelian and SU (2) non-Abelian
gauge struture of dyons and gravito-dyons. The existene of gravitational analogue of magneti
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monopoles desribes the extension of otonion gauge formalism to gravito-dyons where imaginary
units inorporate the urvature. It is disussed that, in otonion, gauge formalism the SL (2,)
gauge group of gravitation and SU (2) gauge groups of Yang-Mill's gauge theory play the similar
role in a symmetrial manner. Finally, it is onluded that the otonion gauge formalism yields
the theory of eletri (gravitational) harge (mass) in the absene of magneti (Heavisidean) harge
(mass) on dyons (gravito-dyons) or vie versa.
2 Field assoiated with dyons
Starting with the idea of Cabibbo and Ferrari [23℄of two four-potentials, a self-onsistent, gauge
ovariant and Lorentz invariant quantum eld theory of dyons have already been developed with
the assumption of generalized harge, generalized urrent and generalized four-potential of dyons
as a omplex quantity with their real and imaginary parts as a eletri and magneti onsistuent
i.e.
generalized harge on dyon
q = e − i g (i = √−1) (1)
generalized four urrent fn dyon
Jµ = jµ − i kµ (2)
generalized four potential of dyon
Vµ = Aµ − i Bµ (3)
where e is the eletri harge, g is magneti harge,jµ is the eletri four-urrent, kµ is the
magneti four-urrent,Aµ is eletri four-potential and Bµ is magneti four-potential. Introdution
of these two four-potential gives rise the removal of arbitrary string variables and maintains the
dual invariane of the dyoni eld equation. Similar to Eq.( 1)the generalized vetor eld assoiated
with dyons is dened as
−→
ψ =
−→
E − i−→H (4)
where
−→
E is the eletri eld and
−→
H is the magneti eld of dyons dened in terms of two
four-potential omponents as follows,
−→
E = −∂
−→
A
∂t
−−→∇φe −−→∇ ×−→B
−→
H = −∂
−→
B
∂t
−−→∇φg +−→∇ ×−→A (5)
Generalized vetor eld
−→
ψ satises the following expression for the generalized Maxwell- Dira
equations i.e.
−→∇ · −→ψ = J0
−→∇ ×−→ψ = −i∂
−→
ψ
∂t
− i−→J (6)
where J0and
−→
J are the temporal and spatial parts of generalized four-urrent of dyons.The
generalized eletromagneti eld tensor Gµν of dyons is dened [26℄as
Gµν = Fµν − i F˜µν (7)
with
2
Fµν = Eµν − H˜µν
F˜µν = Hµν + E˜µν
Eµν = Aµ,ν −Aν,µ
Hµν = Bµ,ν −Bν,µ
E˜µν =
1
2
ǫµνρσA
ρσ
H˜µν =
1
2
ǫµνρσB
ρσ
(8)
where the tidle denotes the dual, EµνandHµνof equation (8)are the eletromagneti eld tensors
written in terms of eletri and magneti four-potential Aµ and Bµ respetively. Classial abelian
Lorentz invariant generalized Maxwell's equations assoiated with dyons may then be written as
Fµν,ν = Eµν,ν = jµ
F˜µν,ν = Hµν,ν = kµ (9)
Using equations(7) and (9) we get the Lorentz ovariant and duality invariant eld equations of
dyons as
Gµν,ν = Jµ (10)
3 Dyons in otonioni gauge formalism
The otonioni ovariant derivative or O-derivative of an otonion K is dened[27℄ as
K‖µ = K,µ+ [ℑµ,K] (11)
whereℑµ is the otonioni anity namely it is the objet that makes K‖µtransform like an
otonion underO transformations i.e.
K ′ = U K U−1
K ′‖µ = UK‖µU
−1
ℑ′µ = U ℑµU−1 −
∂U
∂xµ
U−1 (12)
where the U(x) are otonions whih dene loal (otonioni) unitary transformations and are
isomorphi to the rotation group O(3).Thus it desribes SU(2) like otonioni transformations. As
suh , we may write ℑµ as the trae free Zorn matrix supposedly an Yang-Mill's type eld i.e.,
ℑµ = −Lµiu⋆i −Kµiui =
[
02 Lµiei
−Kµiei 02
]
(i = 1, 2, 3) (13)
where Lµiand Kµiare onsidered respetively as eletri and magneti gauge potential dened
as,
Lµi = eAµi
Kµi = g Bµi (14)
In order to reformulate the quantum equations of dyons by means of split otonion realization,
we write the O-derivative as follows,
O‖µ = O,µ+ [ℑµ,O] (15)
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where we have used
ℑµ = −eAaµu⋆a − gBaµaua =
[
02 eAµiei
−gBµiei 02
]
= ea(eA
a
µ + gB
a
µ) + iea+3(eA
a
µ − gBaµ) = −eaRe(q⋆V aµ ) + iea+3Re(qV aµ ) (16)
Then we get
O‖µ = O,µ+
[−eaRe(q⋆V aµ ),O]+ iea+3 [Re(qV aµ ),O]
= O,µ − ea
[
Re(q⋆V aµ ),O
]
+ i ea+3
[
Re(qV aµ ),O
]
(17)
where q⋆being the omplex onjugate of generalized harge q of dyons and V aµ plays the role of
gauge potential in internal SU(2) non-Abelian gauge spae. The gauge potential Vµand gauge eld
strength Gµν of dyons may be expressed in terms of split otonion realization as,
Vµ = Vµu0 + V
a
µ u
0 + Vµu
⋆
0 + V
a
µ u
⋆
a =
[
Vµe
0 −V aµ ea
V aµ e
a Vµe
0
]
Gµν = gµνu0 + gµνu
⋆
0 + E
a
µνu
a +Haµνu
a =
[
gµνe
0 −Eaµνea
Haµνe
a gµνe
0
]
(18)
where
Gµν = Vµ,ν − Vν,µ
In equation (18) we have expressed the generalized four-potential Vµ and generalized eld tensor
Gµνof dyons in terms of abelian U(1)and non-Abelian SU(2) gauge oupling strengths where the
real quaternion unit e0 is assoiated with U(1) abelian gauge group and the pure imaginary unit
quaternion ea(a = 1, 2, 3) is related with the SU(2) non-Abelian Yang-Mill's eld. it may readily
be seen that the gauge eld strength Gµν is invariant under loal and global phase transformations.
The non-Abelian SU(2) Yang-Mill's gauge eld strength may then be expressed as,
Gaµν = ∂νV
a
µ − ∂µV aν +q⋆ǫabcV bµV cν (19)
whih yields the orret eld equation for non-Abelian gauge theory of dyons and gives rise its
extended struture. Hene the O-derivative of generalized eld tensor Gµνgiven by (18) of dyons
leads to the following eld equation ;
Gµν‖ν = Gµν,ν + [ℑν , Gµν ] = Jµ(u0 + u⋆0) + Jaµ(ua + u⋆a) = Jµ (20)
where
Jaµ = G
a
µν ,ν + iq
⋆ǫabcV
b
µG
c
µν (21)
is the non-Abelian SU(2) generalized four-urrent of dyons. In deriving Eq. (20) we have used
eq. (16), (18) and (19). Thus the generalized four urrent of dyons in split otonion realization
leads to the abelian and non-Abelian nature of urrents in this theory.
The O-derivative of generalized four-urrent
Jµ = Jµ(u0 + u
⋆
0) + J
a
µ(ua + u
⋆
a) =
[
Jµe
0 −Jaµea
Jaµe
a Jµe
0
]
(22)
gives rise to
Jµ‖µ = 0 (23)
whih shows the resemblane with Noetherian urrent and desribes analogues ontinuity equa-
tion in abelian gauge theory.
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4 Gravito-dyons in Otonion Gauge Formalism
Following the idea of Dowker and Rohe [19℄ of dual mass playing the role of magneti harge
(Heavisidean monopole), the gravito-dyons may also be dened as the partile arrying gravitational
mass m and dual mass (Heavisidean mass) h having the generalized mass Q given [28℄by,
Q = m− i h (24)
Let the spae-time interval[27℄,
ds2 =
1
n
Trace(ηµνdx
µdxν) (25)
where ηµν =
{
ηabµν(x)
}
(a, b = 1, 2, 3, ......n)is a matrix of internal spae. Then we an write
ds2as,
ds2 =
1
4
Trace(ηµνdx
µdxν) =
1
2
(gµνdx
µdxν) (26)
where Trace ating upon Zorn matrix realization of split otonions.As suh, the ds2of Eq.(26)
may be onsidered as the line element in spae-time i.e
ηµν = gµν(u0 + u
⋆
0) + ε
a
µνu
⋆
a + h
a
µνua +
[
gµνe0 ε
a
µνea
−haµνea gµνe0
]
(27)
where η†µν = ηµν . ε
a
µνand h
a
µν represents the Yang-Mill's eld strengths. The symbol (†) denotes
the Hermitian onjugate in internal spae. The Christoel symbol (or onnetion) may be written
by means of split otonion realization as,
Γρµν = Γ
ρ
µν(u0 + u
⋆
0) + δ
ρ
µ(
−→
Lν · −→u⋆ +−→Kν · −→u ) (28)
where (
−→
Lν · −→u⋆ + −→Kν · −→u ) is the O-anity of the theory. The four indexes Rii tensor Rσρµν is
dened as,
Rσρµν = R
σ
ρµν (u0 + u
⋆
0) + δ
σ
ρPµν (29)
where Pµν is the O-urvature (spae-time urvature) and is expressed as
Pµν = ℑµ,ν −ℑν,µ − [ℑµ,ℑν ] (30)
whih retains the usual form of Riemannian spae-time geometry.
Analogous to the theory of eletromagneti (dyons), the generalized four-potential of gravito-
dyons may then be expressed as [18℄,
Vµ = Aµ − i Bµ = bµ − i q⋆aµ
Aµ = bµ + h I aµ
Bµ = −mI aµ (31)
where bµis the usual spae-time gravitational four-vetor potential, I is the unit matrix and
aµis the eletromagneti potential. Thus the four-potential Aµand Bµ are visualized as the four-
potentials assoiated with the gravitational mass and Heavisidian monopole respetively. The
eetive mass of gravito-dyons is dened as
Meff = m+ h (32)
The four-potentials Aµand Bµof Eq. (31) may then be interpreted as potential desribing
respetively the oupling of Heavisidean monopole with gravitational eld and that of gravitational
mass with eletromagneti eld. In the absene of Heavisidean mass Aµ and Bµ may simply be
expressed as gravitational and eletromagneti potentials respetively.
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Thus we an express the generalized four-potential of gravito-dyons by means of otonions gauge
formalism given by Eq. (18). Similarly, one an onstrut the generalized eld tensor of gravito-
dyons in terms of split otonion as,
Gµν = gµν(u0 + u
⋆
0) + ε
a
µνu
a + haµνu
a =
[
gµνe
0 −εaµνea
haµνe
a gµνe
0
]
(33)
where
Gµν = Vµ,ν − Vν,µand Gaµν = ∂νV aµ − ∂µV aν + q⋆ǫabcV bµV cν having same form of Eq. (19) for the
ase of non-Abelian gauge theory of dyons assoiated with generalized eletromagneti elds.
Dening the generalized urrent of gravito-dyons as
Jµ = j
(G)
µ − i k(H)µ (34)
where j
(G)
µ is the four-urrent assoiated with gravitational mass and k
(G)
µ is the four-urrent
assoiated with Heavisidean monopole. The generalized vetor eld
−→
ψG of gravito-dyons may be
expressed as,
−→
ψG =
−→
G − i−→H (35)
where
−→
G is the gravitational eld and
−→H is the Heavisidean eld strength dened as follows in
terms of two four-potential omponents as,
−→
G =
∂−→a
∂t
+
−→∇φG + −→∇ ×−→b
−→H = ∂
−→
b
∂t
+
−→∇φh −−→∇ ×−→a (36)
Thus we express the generalized eld
−→
ψG in terms of generalized four-urrent Jµ as,
−→∇ · −→ψG = −J0
−→∇ ×−→ψG = −i∂
−→
ψG
∂t
− i−→J (37)
whih is the eld equation (generalized Maxwell-Dira equation) for linear gravito-Heavisidean
elds.
The O-forms of dierent gauge potentials assoiated with gravito-dyons may be expressed as
Vµ = Vµu0 + V
a
µ u
0 + Vµu
⋆
0 + V
a
µ u
⋆
a =
[
Vµe
0 −V aµ ea
V aµ e
a Vµe
0
]
Aµ = Aµu0 +A
a
µu
0 +Aµu
⋆
0 +A
a
µu
⋆
a =
[
Aµe
0 −Aaµea
Aaµe
a Aµe
0
]
Bµ = Bµu0 +B
a
µu
0 +Bµu
⋆
0 +B
a
µu
⋆
a =
[
Bµe
0 −Baµea
Baµe
a Bµe
0
]
aµ = aµu0 + a
a
µu
0 + aµu
⋆
0 + a
a
µu
⋆
a =
[
aµe
0 −aaµea
aaµe
a aµe
0
]
bµ = bµu0 + b
a
µu
0 + bµu
⋆
0 + b
a
µu
⋆
a =
[
bµe
0 −baµea
baµe
a bµe
0
]
(38)
As suh the O-derivative of generalized eld tensor Gµν leads to,
Gµν‖ν = Gµν,ν + [ℑν , Gµν ] = −Jµ(u0 + u⋆0)− Jaµ(ua + u⋆a) = −Jµ (39)
where Jµis the generalized split otonion urrent assoiated with gravito-dyons similar to that
of dayons in generalized eletromagneti elds given by Eq. (21). Hene like previous ase, here the
O-derivative of the generalized urrent vanishes and the onservation of generalized four-urrent
follows the ontinuity equation with abelian and non-Abelian gauge strutures.
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5 Conlusion
In Yang-Mill's theory, the gravito-dyons in gravito-Heavisidean elds plays the same role as that
of dyons in eletromagneti elds. As suh, the split otonion gauge formalism demonstrates the
strutural symmetry between generalized eletromagneti elds of dyons and that of generalized
gravito-Heavisidian elds of gravito-dyons. In ase of split otonions, the automorphism group is
desribed as G2 (an exeptional Lie group). Thus otonioni transformations are homomorphi
to the rotation group O3. Under the SU(3) subgroup of split G2leaving u0 and u
⋆
0invariant, the
three split otonions (u1, u2, u3) transform like a isospin triplet (quarks) and the omplex onjugate
otonions transform like a unitary anti-triplet (antiquarks)[29, 30℄.
The abelian and non-Abelian gauge strutures of dyons and gravito-dyons are disussed in terms
of split otonion variables in simple, ompat and onsistent way. The eld equations derived here
are invariant under otonioni gauge transformations. From the foregoing analysis one an obtain
the independent theories of eletromagnetism and gravitation in the absene of eah other. The
justiation behind the use of otonions is to obtain the simultaneous struture of SU(2) × U(1)
gauge theory of dyons and gravito-dyons in simple and ompat manner. As suh, the well-known
SU(2) non-Abelian and U(1) abelian gauge struture of dyons and gravito-dyons are reformulated
in terms of ompat gauge formulation. The O-derivative may be onsidered as the partial deriva-
tive if we do not inorporate the split otonion variable. Split otonions are desribed here in
terms of U(1) × SU(2) gauge group simultaneously to give rise the abelian (point like) and non-
Abelian (extended struture) of dyons. This gauge group plays the role of U(1) × SU(2) Salam
Weinberg theory of eletro-weak interation in the absene of Heavisidean monopoles. Our enlarged
gauge groupSU(2)×U(1) explains the built in duality to reprodue abelian and non-Abelian gauge
struture of dyons and those for gravito-dyons.
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e(DAAD) for granting him the
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A Appendix:Otonions Variables
An otonion is dened as,
X = X0e0 +Xjej , X0, XjεR (40)
where (j = 1, 2, .....7),ej are otonion unit elements satisfying following multipliation rules [31℄;
ejek = −δjke0 + fjklel
eje0 = e0ej = ej
e0e0 = e0 (41)
where δjk is the usual Kroneker delta symbol and fjkl (whih was regarded as the Levi-Civita
tensor for quaternions) is fully anti symmetri tensor with
fjkl = +1∀j, k, l = 123, 516, 624, 435, 471, 673, 672.
The above multipliation table diretly follows that the algebra of otonionOis not assoiative
i.e.
ej(ekel) 6= (ejek)el (42)
The ommutation rules for otonion basis elements are given by,
[ej , ek] = −2δjke0 (43)
and the assoiator
{ej , ek, el} = (ejek)el − ej(ekel) = −δjkel + δklej + (ǫjklǫmnp − ǫklpǫjpn)en (44)
Otonion onjugate is dened as,
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X = X0e0 −Xjej (45)
and
X = X ; XY = Y X (46)
The norm N of the otonion is dened as,
N(X) = X X = XX = (X20 +X
2
j )e0 (47)
while the inverse is dened as,
X−1 =
X
N(X)
X−1X = XX−1 = 1.e0 (48)
The norm given by equation (47) is non-degenerate and positively dened (over R) and therefore
every element XεO has the unique inverse element X−1εO .For the split otonion algebra the
following new basis is onsidered [29, 30℄on the omplex eld (instead of real eld) i.e.
u1 =
1
2
(e1 + ie4); u
⋆
1 =
1
2
(e1 − ie4)
u2 =
1
2
(e2 + ie5), u
⋆
2 =
1
2
(e2 − ie5)
u3 =
1
2
(e3 + ie6); u
⋆
3 =
1
2
(e3 − ie6)
u0 =
1
2
(e0 + ie7); u
⋆
0 =
1
2
(e0 − ie7) (49)
where i =
√−1 is assumed to ommute with eA(A = 1, 2, 3, ...7) otonion units.The split
otonion basis elements satisfy the following multipliation rules;
uiuj = ǫijku
⋆
k; u
⋆
iu
⋆
j = −ǫijkuk(i, j, k = 1, 2, 3)
uiu
⋆
j = −δiju0; uiu0 = 0; u⋆i u0 = u⋆i
u⋆i uj = −δiju0; uiu⋆0 = u0; u⋆i u⋆0 = 0
u0ui = ui; u
⋆
0ui = 0; u0u
⋆
i = 0
u⋆0u
⋆
i = ui;u
2
0 = u0; u
⋆2
0 = u
⋆
0; u0u
⋆
0 = u
⋆
0u0 = 0 (50)
Gunäydin and Gürsey [29, 30℄pointed out that the automorphism group of otonion is G2 and
its subgroup whih leaves imaginary otonion unit e7 invariant (or equivalently the idempotents u0
and u⋆0) is SU(3) where the units ui and u
⋆
i (i = 1, 2, 3)transform respetively like a triplet and anti
triplet aordingly assoiated with olour and anti olour triplets of SU(3) group. Let us introdue
a onvenient realization for the basis elements(u0, ui, u
⋆
0, u
⋆
i ) interms of Pauli spin matries as
u0 =
[
0 0
0 1
]
; u⋆0 =
[
1 0
0 0
]
ui =
[
0 0
ei 0
]
; ui =
[
0 −ei
0 0
]
(i = 1, 2, 3) (51)
where 1, e1, e2, e3 are quaternion units satisfying the multipliation rule eiej = −δij + ǫijkek.As
suh, for an arbitrary split otonion A we have [11, 29, 30℄,
A = au⋆0 + bu0 + xiu
⋆
i + yiui =
[
a −−→x
−→y b
]
(52)
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whih is a realization via the 2 × 2 Zorn's vetor matries
[
a −→x
−→y b
]
where a and b are salars
and
−→x and −→y are three vetors with produt dened as
[
a −→x
−→y b
] [
c −→u
−→v d
]
=
[
ac+−→x · −→v a−→u + d−→x −−→y ×−→v
c−→y + b−→u −−→x ×−→u bd+−→y · −→u
]
(53)
and (×) denotes the usual vetor produt, ei(i = 1, 2, 3) with ei × ej = εijkek and eiej =
−δij . Then we an relate the split otonions to the vetor matries given by Eq. (51). Otonion
onjugation of equation (52) is dened as,
A = bu⋆0 + au0 − xiu⋆i − yiui =
[
b −→x
−−→y a
]
(54)
The norm of an otonion A is thus dened as,
A A = AA = (ab+−→x · −→y ) · 1ˆ (55)
where 1ˆ is the identity element of the algebra given by 1ˆ = 1ˆu⋆0 + 1ˆu0.
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